For a degradable structural system with fuzzy failure region, a moment method based on fuzzy reliability sensitivity algorithm is presented. According to the value assignment of performance function, the integral region for calculating the fuzzy failure probability is first split into a series of subregions in which the membership function values of the performance function within the fuzzy failure region can be approximated by a set of constants. The fuzzy failure probability is then transformed into a sum of products of the random failure probabilities and the approximate constants of the membership function in the subregions. Furthermore, the fuzzy reliability sensitivity analysis is transformed into a series of random reliability sensitivity analysis, and the random reliability sensitivity can be obtained by the constructed moment method. The primary advantages of the presented method include higher efficiency for implicit performance function with low and medium dimensionality and wide applicability to multiple failure modes and nonnormal basic random variables.
1 Introduction * For most of the failures with gradual performance degradation of the degradable structural system, it is reasonable to describe the failure region with fuzziness [1] [2] . The reliability taking the fuzziness of the failure region into consideration is known as the fuzzy reliability. This article focuses on the fuzzy reliability sensitivity, an important output of fuzzy reliability analysis. Similarly, as for the random reliability sensitivity, the fuzzy reliabil- ity sensitivity is defined as the partial derivative of the fuzzy failure probability with respect to the distribution parameter of the basic random variable, and it represents the effect of the distribution parameter on the fuzzy failure probability. The normalized fuzzy reliability sensitivity can provide the information of importance ranking for the gradient based on reliability optimization. In addition, the fuzzy reliability sensitivity involves the partial derivative of the fuzzy failure probability with respect to the parameters of the membership function because the fuzzy failure probability is affected by the parameters of the membership function. Currently, there are many well established random reliability sensitivity analysis methods [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] , e.g. the approxi-mately analytical method for the random reliability sensitivity based on the first order and second moment (FOSM) [3] [4] [5] [6] , the numerical algorithm based on the original/improved Monte Carlo simulations [7] [8] [9] [10] [11] [12] , and so on. However, it appears that not many researches have been carried out for the computation of the fuzzy reliability sensitivity. In this article, an approximate transformation from the fuzzy failure probability to the random failure probability is adopted and then the fuzzy reliability sensitivity analysis can be approximately completed by borrowing the random reliability sensitivity method. Because the FOSM based analysis method for random reliability sensitivity is only applicable to the linear performance function with dependent normal variables and the efficiency of numerical algorithms based on the original/improved Monte Carlo simulations need to be improved, such methods for the random reliability sensitivity analysis are not borrowed to complete the fuzzy reliability sensitivity. The moment method based on random reliability sensitivity analysis method, which is constructed by the authors, is used to construct the moment based on fuzzy reliability sensitivity. The advantages of the moment method based on random reliability sensitivity analysis, such as higher efficiency for low and medium dimensionality, wide applicability to the nonnormal random variables, and multiple failure modes, are propagated to the moment method based on fuzzy reliability sensitivity analysis. After the basic concept and the implementation are detailed for the moment method based on fuzzy reliability sensitivity analysis, the illustrations are presented to verify the precision and the efficiency of the presented method, and the limitations are pointed out simultaneously.
Basic Concept and Implementation of Fuzzy Reliability Sensitivity Analysis
The presented method for analyzing fuzzy reliability sensitivity includes three steps. First, the definition of fuzzy reliability sensitivity is provided, and its numerical simulation solution is proposed. Because the numerical simulation solution converges to the real value according to the law of large numbers, it is used as a standard solution to verify the presented new method in the illustrations. Second, according to the taken values of the performance function, the integral region for calculating the fuzzy failure probability is split into a series of subregions. The relationship between the fuzzy reliability sensitivity and the random reliability sensitivities within the subregions is constructed. Third, the moment method is established to analyze the random reliability sensitivities of the subregions, and furthermore, the fuzzy reliability sensitivity related to these random reliability sensitivities of subregions is obtained.
Definition of fuzzy reliability sensitivity
Denoting F as the fuzzy failure region of the researched problem, the fuzziness of F can be described by the membership function ( )
(where x is the n-dimension basic random vector) to F . In the illustrations of this article, three membership functions, i.e. linear form, normal form, and Cauchy form, regularly used in engineering problem are selected to verify the feasibility and rationality of the presented method. The formulae of the three membership functions are shown in Eqs. (1)- (3) . For other membership functions, the corresponding extension is straight for ware. 
where R n denotes n-dimension real number space, and f (x) is the probability density function of ndimension basic random vector 
is the total number of distribution parameter of the jth random variable x j ) as the kth distribution parameter of the jth random variable x j , we can obtain the fuzzy reliability sensitivities measured by the partial differential of F P with respect to parameter i and the partial differential of F P with respect to the parameter
Eqs. (5)- (6) can be transformed into the expectations as follows:
where [ ] E means the expectation operator.
The expectations shown in Eqs. (7)- (8) can be obtained through the means of samples. The mean of the sample converging to the expectation is guaranteed by the law of large numbers. Therefore, we can get the approximate solutions by drawing a large number of samples. These solutions are used to verify the presented moment methods.
Relationship between fuzzy reliability sensitivity and random reliability sensitivity
Constructing the relationship between the random reliability sensitivity and the fuzzy reliability sensitivity is the precondition of using the former to obtain the latter. Because the fuzzy reliability sensitivity is defined through the fuzzy failure probability, first, we construct the relationship between the fuzzy failure probability and the random failure probability.
The random failure probability P F can be defined by
where
is the crisp failure region defined by the performance function g(x).
Comparing Eq. (9) for the random failure probability with Eq.(4) for the fuzzy failure probability, it can be found that the integral region of F P is n-dimension space, whereas that of P F is F, the crisp failure region defined by the performance function. In the following sections, we take the linear membership function, which is shown in Fig.1 , as an example to demonstrate how to construct the relationship between F P and P F . In case of the linear membership function shown in Fig.1 , the integral to calculate the fuzzy failure probability can be separated into three parts as follows: within the region of a 1 < g(x) a 2 . To identify the relationship between the fuzzy failure probability and the random failure probability within this region, we may split this region into m subregions with no one crossed each other 
F g x of F l can be taken out from the integral used for calculating the fuzzy failure probability, and Eq.(11) holds true approximately.
f x x is the integral of the probability density function f (x) within the crisp region F l , it is equivalent to the random failure probability of F l . 
Eq. (12) shows that the relationship between the random failure probability within the crisp failure region and the fuzzy failure probability. Differentiating Eq. (12) Eq. (14) and Eq. (17) construct the relationship between the fuzzy reliability sensitivity and the random reliability sensitivity. The random reliability sensitivity and the random failure probability can be analyzed by the moment method [15] [16] [17] [18] [19] [20] .
3 Discussion on Applicability and Efficiency of Presented Method
Efficiency
In Eq. (14) and Eq. (17),
can be obtained by the moment based random failure probability analysis and random reliability sensitivity analysis methods, and then the moment method for fuzzy reliability sensitivity analysis is established. From the expressions shown in Eqs. (7)- (8), it is known that the fuzzy reliability sensitivity can be transformed into the expectation, which can be directly estimated by the moment method. However, we do not adopt the moment method to calculate the fuzzy reliability sensitivity. The reason is that the expectations of Eqs. (7)- (8) concern with the stepwise function ( ) F g , and the moment method is not suitable for the expectation estimation of the stepwise function. The computational effort is mainly concentrated on calculating the first four moments of the performance function; therefore, the efficiency of the presented method depends on the calculating effort made for the first four moments of the performance function. In general, the calculating times of g(x) for obtaining the first four moments of g(x) are 3 n (n is the number of basic random variables); thus, the moment method is not suitable for the higher dimensionality problem. For obtaining the random failure probability, the random reliability sensitivity of subregions 
The relationships between the first four moments of g l-1 (x) and that of g(x) are similar to Eqs. (18)- (19) .
After the fuzzy reliability and fuzzy reliability sensitivity are transformed into the random reliability and random reliability sensitivity within the subregion, the increase of the computational effort to calculate the first four moments of g l-1 (x) and g(x) is very limited with the increase of the number of the subregions. Therefore, from the relationships shown in Eqs. (18)- (19), we can conclude that the presented moment method for fuzzy reliability sensitivity analysis is very efficient for the low and medium dimensionality problem. However, it should be noted that the presented method is not applicable to the higher dimensionality problem due to the exponential growth of computational effort with the growth of the dimensionality for obtaining the first four moments of g(x).
Applicability
(1) Applicability to the distribution types of basic random variables For the derived procedure, there is no limitation on the distribution type of basic random variables; thus, the presented method is suitable for arbitrary distribution of basic random variables.
(2) Applicability to the implicit performance function For the presented method of fuzzy reliability sensitivity analysis, only the numerical relation between the input variables and the performance function is needed; thus, the presented method is suitable for the implicit performance function.
(3) Applicability to the structural system with multiple failure modes · 523 · Because the moment method for the random reliability analysis can be directly extended to multiple failure modes [15] [16] [17] , the presented method can also be directly extended to the fuzzy reliability sensitivity analysis of the structural system with multiple failure modes.
(4) Applicability to arbitrary membership function Although we consider the linear form of membership function as an example to demonstrate the procedure, the other forms of membership functions, e.g. normal form, Cauchy form, and so on, can be calculated by the presented method as well because the presented method does not limit the form of the membership function.
Numerical Examples
Three numerical examples are used to demonstrate the accuracy and efficiency of the presented method for the fuzzy reliability sensitivity analysis.
In the given examples, normal and nonnormal probability distributions, the single failure mode and multiple failure modes, and different membership functions are all taken into consideration.
Example 1 To investigate the influence of the probability distribution type of basic random variable on the presented method, the following elementary performance function 1 2 ( ) g x x x usually used in many situations is considered.
For the following two cases, x 1 and x 2 have different probability density distribution types, we assume 3 and 0.5 as the mean and the standard deviation of x 1 , and 2 and 0.4 for x 2 , respectively.
For case I, it is assumed that x 1 and x 2 have lognormal distribution, and the results are shown in Table 1 .
For case II, it is assumed that x 1 has lognormal distribution and x 2 has Gamma distribution, and the results are shown in Table 2 . Table 3 .
Table 3 Results of Example 2
Membership function From the results of the Example 2, we can conclude that the presented method possesses higher efficiency compared with the Monte Carlo method when the dimensionality of basic random variable is low; however, there is a possibility of losing this advantage as the dimensionality is going higher.
Conclusions
By splitting the integral region of fuzzy failure probability into a set of subregions, the fuzzy reliability sensitivity is transformed into the random reliability sensitivity and then the high efficient moment method for estimating the random reliability sensitivity is extended to the estimation of fuzzy reliability sensitivity. The rationality of the presented method is demonstrated by the presented engineering examples. The advantages of the presented method include no limitation of the distribu-tion form of basic random variable, applicability to nonnormal random variable and implicit multiple performance function, high efficiency for the low and medium dimensionality, and being widely applicable. It should be noted that the presented method is not suitable for the higher dimensionalities because the computational effort grows exponentially with the dimensionality of basic random variables.
